In this work, we show how fiber-based terahertz systems can be robustly configured for accurate terahertz ellipsometry. To this end, we explain how our algorithms can be successfully applied to achieve accurate spectroscopic ellipsometry with a high tolerance on the imperfect polarizer extinction ratio and pulse shift errors. Highly accurate characterization of transparent, absorptive, and conductive samples comprehensively demonstrates the versatility of our algorithms. The improved accuracy we achieve is a fundamental breakthrough for reflectionbased measurements and overcomes the hurdle of phase uncertainty.
INTRODUCTION
Terahertz time-domain spectroscopy (THz-TDS) has become a mature and widely applied technique in the THz community. The ability to detect the THz electric field in the time domain provides broadband amplitude and phase information in the frequency domain, making it a powerful tool for sample characterization [1] . Applications can be found from dielectric materials [2] [3] [4] and liquids [5, 6] to more complicated structures such as biomedical tissues [7] [8] [9] and conductive thin films [10, 11] . Among these applications, transmission and reflection are the two basic geometries. Of these, transmission geometry is most widely used, as it usually provides the best phase contrast (generated by the optical path difference between the signals passing through the sample and the air). For opaque samples, a reflection geometry is needed: different geometries have been designed for different sample types. The most typical reflection geometry collects a sample reflection and a reference signal. The latter is usually reflected from a metal mirror. This method is straightforward but has a significant phase misalignment problem, which is the bottleneck for achieving high accuracy [12] . Although many approaches have been published for calibrating this phase error [13] [14] [15] , they still have some limitations on either the accuracy or the sample type [16, 17] . Window-based reflection and attenuated total reflection (ATR) have a fixed window or prism surface providing a reference signal without phase misalignment, but they are basically only applicable for liquid or soft tissues, as solid samples would have a contact problem [18] [19] [20] [21] . None of these methods provides a perfect solution for accurate reflection measurement.
Ellipsometry is another reflection-mode characterization technique. It is well known for its high accuracy and has been widely applied in the region from infrared to ultraviolet [22] . The basic principle of ellipsometry compares the difference between the p and s reflections to characterize sample properties. It is promising to apply this technique in the THz region because the self-reference mechanism avoids the phasemisalignment problem. Since no window or prism is needed, it has almost no limitation on sample types. However, ellipsometry has not been widely applied in the THz region, mainly due to the difficulties in accurately controlling and manipulating the polarization. Hofmann et al. proposed a THz ellipsometer working in the frequency domain by using a backward wave oscillator (BWO) as an emitter [23] . However, the BWO provides narrow frequency tuning ability below 200 GHz. The assistance of a frequency multiplier makes the spectrum discrete, and the power exponentially drops with frequencies. Free-spaced time-domain THz ellipsometer research [24] [25] [26] has opened up new methods to study doped semiconductors and conductive thin films, showing the great capability of ellipsometry versus transmission on conductive samples. However, the most important shortcoming for free-space-based ellipsometers is the bad flexibility on the incident angle. Variable incident angle control is important in ellipsometry, as the incident angle needs to be adjusted close to the Brewster angle of a specific sample to provide the best sensitivity. Furthermore, very few details of the accuracy analysis and reliability are given in the aforementioned ellipsometer publications. As a relatively newly developed technique, it is important to demonstrate its accuracy before utilizing it as a characterization tool. Neshat and Armitage have proposed a half free-space and half fiber-based THz ellipsometer that gives better flexibility on the incident angle [27] . However, the result from their work actually gives worse accuracy, mainly due to improper incident angle setting and limited precision on polarization manipulations.
In this work, building on our recently presented conference proceedings [28] , we develop and test a fully fiber-based THz ellipsometer. The highly flexible incident angle control is very robust and enables the ellipsometer to be used for characterizing different sample types. Thorough error analysis is crucial for accurate characterization. Furthermore, understanding the experimental causes of error helps improve the measurement configuration. For example, Soltani et al. performed comprehensive analysis on the propagation of random and systematic errors for an ATR geometry and proposed an alternative configuration that greatly reduced the misalignment influence [29] . In this work, we explain how error propagation analysis can be used to optimize the orientation setting of the polarizer. We also derive an effective algorithm to accurately compensate for the phase error and limited extinction ratio (ER, defined as the ratio between the transmitted intensity from the passing and the blocking directions of a polarizer) of the polarizer. Ellipsometry measurements of different samples are presented to highlight the versatility and robustness of our work. The characterization of a standard silicon (Si) wafer shows the significantly improved accuracy by the developed ellipsometer and the proposed algorithm, while the measurements of absorptive Glabervel glass and conductive indium tin oxide (ITO) thin film demonstrate both the accuracy and the superiority of ellipsometry over other geometries on opaque materials.
BASIC PRINCIPLE OF SPECTROSCOPIC ELLIPSOMETRY
According to Fresnel's equations, samples exhibit different reflection responses to s-and p-polarized light at oblique incident angles. Ellipsometry utilizes this characteristic to extract the sample properties. This can be realized by a polarizersample-analyzer (i.e., rotating polarizer) configuration. The polarizer on the emitter side generates a 45°linear polarized light incident onto the sample surface, providing equal s and p components. The analyzer on the detector side selects the reflected s-(E rs ) or p-components (E rp ) to be measured by the detector. The complex ratio between them is defined as ρ, expressed as
In this equation, tan Ψ and Δ represent the magnitude and phase of ρ. r p and r s are the p-and s-reflection coefficients, which can be expressed by Fresnel's equations based on an established optical model. The reflection coefficients may also contain unknown sample properties such as the complex refractive indexn and sample thickness d . These parameters are then extracted by solving the equation. For bulk materials where only the sample surface reflection is taken into the calculation, the complex permittivity solution can be derived analytically [22, 25] . For thin-film or multiple-layer structures, numerical optimization by solving each frequency point individually to a finite accuracy is preferred, as the analytical solution could be very complicated. In this case, a variety of optimization algorithms can be applied [30, 31] .
DEVELOPMENT OF THE FIBER-BASED THZ ELLIPSOMETER
Figure 1(a) shows the schematic diagram and Fig. 1(b) is a photograph of the developed fiber-based THz-TDS ellipsometer. Fiber-coupled photoconductive antennas from Menlo Systems were used as our THz source and detector. Two optical rails connecting to a precise goniometer can be freely rotated to vary the incident angle from the minimum 45°to the maximum 90°, which then results in a transmission mode. A pair of short focal length (SFL) TPX plano-convex lenses with an f number of N 1.4 collect and focus light from the emitter and to the detector. Another pair of long focal length (LFL) lenses with N 2.8 were used for focusing and collecting the beam above the sample. It is important to use lenses with a larger f number to reduce the angular divergence of the light focusing onto the sample. It has been studied by Rhaleb et al. that the angular divergence of a focal Gaussian beam has a significant influence on the ellipsometry accuracy [32] . The N 2.8 optics provides a divergent angle of 9.7°(170 mrad) at 0.5 THz, which is about half of the N 1.4 optics. Further increasing the f number gives smaller divergence but also larger beam size, as they are physically limited by each other according to the diffraction limit equation. When a sufficient sample area can be provided, a collimated beam can be used to provide the lowest angular divergence by simply taking off the lower two focal lenses. Three wire-grid polarizers were used in this system. Polarizers 1 and 3 (P1 and P3) are bilayer polarizers made by Huang et al., providing a good ER but relatively smaller aperture of 2 cm in diameter [33] . Polarizer 2 (P2) is a free-standing polarizer from Microtech Instruments providing a large aperture but lower ER. P1 was set in front of the emitter with the passing direction parallel to the major polarization direction of the emitter to provide a perfect linear polarized light. P3 was 45°linear-polarized, which was parallel to the major detection direction of the detector to create an equal detection sensitivity on s and p signals. P2 acts as an analyzer to select the reflected s or p components. Generally, P1 is set at 45°in a traditional ellipsometry measurement. However, this raises a high requirement on the orientation accuracy of P2. For example, when P2 is supposed to be set in the p direction to detect the p component, a small orientation error projects a comparable s component to the passing direction, as the p component is usually much weaker when incident close to the Brewster angle, resulting in a large error. In a manually aligned system, this is very likely to happen because there is no perfect reference direction in the system. By rotating P1 (always with the emitter) toward the p direction, more weight is distributed to the p component to reduce the contrast between the reflected p and s signals, as well as the error sensitivity. However, this also increases the error sensitivity on P1 due to the larger difference between the s and p signals output from P1. Therefore, there exists a function dependent on P1 orientation θ that balances the errors from P1 and P2. To derive the function, we use the theoretical reflection coefficient ratio r p ∕r s ρ theory . P1 is set at θ to the p direction. When there is a small orientation error σ 1 and σ 2 on both P1 and P2, respectively, the resulting coefficient ratio becomes ρ error . ρ correct represents the coefficient ratio with no error. The relative error (RE) can be calculated by
where
In a specific experiment, ρ theory can be estimated from the sample properties or tested by E rp ∕E rs when θ 45°(it does not need to be very precise). A small value can be used for σ 1 and σ 2 to observe the error propagation. As an example here, ρ theory 0.1 and σ 1 σ 2 0.5°were used. RE as a function of θ is shown in Fig. 2 . By balancing the error propagated from P1 and P2, the best angle is found to be θ 18°in this example. Figure 2 gives two pieces of important information. First, the coefficient ratio is highly sensitive to the orientation accuracy: a 0.5°error of P1 and P2 could propagate a 10.9% RE into a traditional setup.
Second, from this function, we can reduce the error sensitivity down to 6.1% by simply rotating P1 to θ 18°for the same orientation error level. This effective error analysis will later be applied for each measurement to minimize the error sensitivity.
CALIBRATION ALGORITHM
There are another two important errors in the measurement that need to be carefully calibrated. One is the pulse shift error that can occur in a fiber-based THz system [16, 17] . THz pulse shifts at the femtosecond level could happen frequently in a fiber-based system, as fibers are highly sensitive to tiny temperature variations and vibrations. According to the Fourier transform, a 20 fs pulse shift, corresponding to about half of the time resolution in a general scan, induces 7.2°error at 1 THz. This may be ignored in a transmission measurement but has strong influence on reflection measurements due to the limited phase contrast. Another error factor comes from the limited ER of P2 (i.e., ER < ∞). A perfect polarizer fully blocks the light in the blocking direction. However, the actual ER of a real device allows a certain amount of the field to pass through it. For convenience, in this work we call the amount of field able to pass through the device the "leakage." Similar to the reason for the above orientation error, the small leakage of the s component when detecting the p signal could strongly affect the result due to the fact that the s component is usually much stronger. We propose an effective algorithm to simultaneously compensate for these two errors. The core principle of the algorithm is based on interference theory: when the pulse shift error and the limited ER are correctly calibrated for the p and s components, the interference of their projections in another direction is exactly the same as the one we measure in that direction. The algorithm steps are shown as a flow chart in Fig. 3 , and we will explain each step below.
The transmission property of P2 kω in Step 1 is given by the ratio between the transmitted E field from the blocking and passing directions of the polarizer, which is another representation of the ER. kω was characterized before any other measurements, but it only needs to be characterized once. The result is shown in Fig. 4 . A positive relationship between the magnitude and the frequency is observed, which is a common characteristic of wire-grid polarizers. We can also verify that the imperfect ER could significantly affect the measurement at high frequencies. For example, the 0.05 transmission at 1 THz introduces 50% error to the detected p component when E rp ∕E rs 0.1. This leakage needs to be removed from the detection process to provide good accuracy.
In the second step, three components (E is measured in the direction with β(in degree) to the p direction, as shown in Fig. 5 . This direction is selected where E rp and E rs have about equal projections, and where the projections destructively interfere with each other if available. E meas β will later be compared, with E cal β superimposed with the calibrated E rp and E rs to evaluate the calibration result.
The numerical data processing starts from Step 3. A pulse shift error τ p between the measured p and s components is assumed to align the p component by the equation in Step 3. The polarizer function kω is then used to calibrate the aligned signal for the limited ER by the equations in Step 4. The projections of the calibrated p and s components in the β and β ⊥ β 90°directions are calculated using the geometric relationship equations in Step 5. The equations also consider the detection sensitivity of the β and β ⊥ directions on the detector by the cos45 β term. We also calculate the component in the β ⊥ direction because the measured β component also includes some leakage from its perpendicular direction. The equation in Step 6 takes this effect into account by modeling the actual detected β component with imperfect ER. The correct process of Steps 4-6 is based on the assumption that τ p in Step 3 is given correctly. Otherwise, errors are propagated in every calculation and yield a wrong β component. Therefore, the difference between the calibrated and measured β components should reach the minimum value with the most accurate τ p value. We use the equation in Step 7 to calculate their difference in the frequency region with good signal-to-noise ratio (SNR). One should notice that there could also be a pulse shift error τ β between the measured β component and the s component. As we align the p component to the s component, this measured β component should also be aligned. The equation in
Step 7 subtracts the aligned β component by assuming a τ β value. Now the difference Diff τ p , τ β becomes a function of τ p and τ β . The correct pulse shift values τ correct p and τ correct β can be found at the minimum difference position, as shown in Step 8.
Finally, the corresponding calibrated p and s components E cal rs and E cal rp are output using the correct pulse shift τ p for further calculating tan Ψ and Δ.
The code of the algorithm, written in MATLAB, has been published on GitHub [34] .
EXPERIMENTS
To evaluate the accuracy of the developed ellipsometer and the proposed algorithm, we first measured a standard highresistivity Si (HR-Si) wafer. HR-Si has a very low absorption and dispersion in the 0.1-2 THz range; these properties can be precisely determined by transmission measurement and have been broadly studied by many groups [2, 35] . Thus, there are sufficient and confident references for us to evaluate the accuracy of the ellipsometer. As the first example in this paper, we Research Article also introduce the measurement information needed for the application of our proposed algorithm.
A 2 inch HR-Si wafer with a thickness of 1970 μm was measured. The Brewster angle of about 73.7°can be calculated from the refractive index of 3.42. The ellipsometer was set to 70°incident to the sample. With sufficient sample area, the two LFL lenses were removed to leave the collimated beam radiating onto the sample. Under this incident angle, the estimated ρ value was about 0.1. According to our sensitivity function, the emitter and P1 were both rotated to 18°to the p direction to provide the lowest error sensitivity. The β direction was then found at around 18°to the p direction, where the projections of the E rp and E rs in this direction are about equal and destructively interfered. The reflected p, s, and β directions were then detected in the ellipsometry measurement, as shown in Fig. 6(a) .
The data processing was then conducted according to the algorithm in Steps 3-7. Pulse shift errors τ p and τ β were assumed to the measured p and β components. Polarizer calibration function kω was applied to the aligned signals. The difference between the calculated and measured electric fields in β directions was calculated as Diff, as shown in Fig. 6(b) . The figure shows a rapid color variation in the vertical direction, indicating a high sensitivity on τ p . This provides the capability of accurately searching the correct τ p value from the algorithm. The sensitivity on τ β is low for the cases in which Δ is almost frequency-independent and will be much better for dispersive samples. As marked on Fig. 6(b) , the minimum Diff value was achieved at τ β −47.92 fs and τ p −9.72 fs. This shows that the algorithm is able to explore phase shift much smaller than the time resolution of the signal, which is 50 fs in this case. Such a high sensitivity is contributed by the interference principle and the fact that the phase is highly sensitive to the pulse position, especially in high-frequency regions. Figure 6 (c) shows the corresponding calibrated E β and the measured one in frequency domain. Their difference was calculated and is plotted as the dashed gray curve in the figure. The intersections with the noise floor indicate that the algorithm has explored almost the best matching result that can be found theoretically within the dynamic range of the signal. Figure 6 (a) also shows the calibrated E rp and E rs by the algorithm. As E rp is much smaller than E rs , a more obvious change between the calibrated and measured signals can be found on the p component, showing the influence of the limited ER and the pulse shift error, as can be seen from the inset in Fig. 6(a) .
The corresponding tan Ψ and Δ by the calibrated and uncalibrated data were calculated and shown in Figs. 7(a) and  7(b) . Reference values calculated from the transmission data were also given for evaluating the accuracy of the ellipsometry measurements. A 0.0088 average relative error for tan Ψ is achieved. This indicates a very high accuracy of the amplitude measurement, as a signal with 50 dB SNR (which is about the SNR of the detected signals) can have noise errors in this level, meaning that there is almost no contribution by other error factors. Compared to the uncalibrated result, the accuracy was significantly improved by the algorithm, as it subtracts the leaked signals from the data to calibrate the limited ER error. Figure 7 (b) shows a 0.91°average relative error of Δ. This is also a very promising accuracy in a fiber-based system. The major contribution of the improved accuracy comes from the precise 9.72 fs pulse alignment and also some from the polarizer calibration. The high-frequency data benefit most from this calibration. The refractive index and absorption coefficient were then calculated by solving Eq. (1) and are given in Figs. 7(c) and 7(d) . The high-degree match with the transmission data demonstrates the accurate characterization. Compared to the Si ellipsometry measurement by Neshat and Armitage [27] , a significant improvement in accuracy is achieved. It is important to notice that, for optically thick and transparent materials, it is very difficult to achieve the accuracy level of transmission by ellipsometry because the contrast induced by a single-surface reflection is very limited. On the contrary, transmission signals involve not only the interactions with the two sample surfaces, but also the phase change and energy loss during the penetration, providing a much better contrast. This, on the other hand, means that it could be used as a confident reference for examining the performance of the proposed ellipsometer and the algorithm. Next, we will see the superiority of ellipsometry on absorptive and conductive materials over transmission by the measurements of Glabervel glass and ITO thin film.
The characterization of highly absorptive solid samples has remained a challenge in the THz field for a long time. Most published work characterizes absorptive solids by transmission geometry but tends to stop at the frequency where the absorption coefficient exceeds about 80 to 100 cm −1 [1, 36, 37] . Traditional THz reflection spectroscopy has limited phase accuracy and is seldom reported. We show the power of ellipsometry for filling this gap by its reflection mechanism and self-reference principle. Glaverbel glass is a type of glass slide widely used for preparing biomedical samples and tissues. A 40 mm × 20 mm (width × length) and 1 mm thick Glaverbel glass slide was measured by ellipsometry at a 64°i ncident angle to achieve the best measurement sensitivity. In this measurement, the LFL lenses were used to generate a focused beam for adapting for the smaller sample size. The results were compared with the transmission data achieved by switching the system to transmission mode, with the corresponding error bars calculated from the noise level of the signals, as plotted in Fig. 8 .
The figure shows a vastly improved accuracy above 1 THz for ellipsometry compared to transmission. Consistent with other publications, the transmission data immediately lose accuracy when the absorption coefficient reaches about 100 cm −1 . The error bars of the transmission data significantly increased after this, demonstrating poor reliability. On the other hand, the sample absorption only induces signal phase change in ellipsometry and has no effect on the signal intensity. The error bars remained small for the whole effective frequency range. The absorption coefficient as high as 200 cm −1 was successfully characterized. The refractive index decreases with increasing frequency, which is a resonable chracteristic for a glass [37] .
As reported by Yamashita et al., ellipsometry has also been successfully applied for conductive thin-film measurements [25] . In our work, to demonstrate the versatility of our approach, a 60.4 nm conductive ITO thin film deposited on a 500 μm thick crystal quartz substrate was also measured. The thickness of the ITO layer was accurately determined by the optical ellipsometer working in a range from 0.7 eV to 6.4 eV. The THz ellipsometer measured the sample at a 66°incident angle. The complex refractive index of the ITO layer was determined by fitting data to the measured tan Ψ and Δ based on a trilayer optical model. The resulting complex refractive index and complex optical conductivity are shown as the circles in Fig. 9 . The complex conductivity is calculated byσ
where ε ∞ 4 is taken from Ref. [38] . The results agree well with the transmission data from Yang et al. [39, 40] and the ellipsometry measurement by Yamashita et al. [25] , indicating excellent accuracy. To reveal the physical properties, the Drude model is fitted to the experimental data [40] . The fittings to the complex conductivity and the complex refractive index are shown as the solid curves in Fig. 9 . Considering the SNR, the data between 0.2 and 1.6 THz were fitted, and a perfect match with the model was achieved. The almost frequencyindependent real conductivity and slightly increasing imaginary conductivity agree very well with the Drude behavior far below the plasma frequency. The fitting results are much better than those presented in Refs. [25, [39] [40] [41] . Although the properties of ITO can depend on the sample thickness and the fabrication techniques [39] [40] [41] , the extracted model parameters in this work can still be found in a very reasonable range. The charge density of N c 1.312 × 10 20 ∕cm 3 highly agrees with the value of N c 1.33 × 10 20 ∕cm 3 in Ref. [25] . The plasma frequency ω p 1091 rad · THz and momentum relaxation time τ 7.64 fs also match well with published values [41] . Compared to transmission, ellipsometry has a great advantage on conductive thin-film samples. Taking the sample here as an example, the phase change by the 60.4 nm ITO layer in transmission is less than 1°. This requires the phase-detection accuracy to be much better than 1°. This requires pulse sampling position error far smaller than 1 fs, and substrate thickness difference between the sample and the reference is far less than 150 nm. Both are very difficult to achieve in a transmission measurement. Therefore, transmission is measured with a much thicker layer, which will obviously decrease the SNR and limit the exploration on the properties of thinner samples. Compared to that, the phase contrast in ellipsometry measurement is greatly enhanced by its reflection mechanism. The selfreference principle requires no external reference and therefore Research Article no phase error induced by substrate thickness variation. The ITO sample characterized in this work is the thinnest one compared to the above references and could be even much thinner. In short, we achieve a much more confident result compared to transmission.
CONCLUSIONS
In this work, we developed a fiber-based THz ellipsometer with a high flexibility on the incident angle that can be freely rotated from 45°to transmission, providing an excellent robustness on samples with different properties. An error-analysis function was introduced to effectively determine the optimized orientation for P1 to minimize the error sensitivity. A calibration algorithm, which precisely compensates both the limited ER error and the pulse shift error, was also proposed for accurate data processing. A standard Si wafer was first measured to evaluate the performance of the developed ellipsometer and the algorithm. A greatly improved accuracy was found compared to the state of art. A highly absorptive Glaverbel glass, and a crystal quartz substrate with a thin-film ITO layer, were also measured to show the superiority of ellipsometry over transmission on opaque samples. The promising results demonstrate the accuracy achieved by the flexible and precise control of the ellipsometer, as well as the accurate calibration by the algorithm. The work demonstrates a perfect solution for accurate THz reflection measurements. It is a versatile technique for sample characterizations in the THz region. 
